The Lemaitre damage model is evaluated using fatigue test data from five engineering alloys: 1045 steel, 16MnR steel, 7075-T651 Al alloy, extruded AZ61A Mg alloy, and extruded AZ31B Mg alloy. Tension-compression, torsion, proportional axial-torsion, and 90° out-of-phase axial-torsion loadings were investigated. The results show that the overall accuracy of the fatigue life estimates made by using the Lemaitre model is comparable to those obtained by fatigue models that require the definition of a loading cycle. A simple and effective method is described for determining the material constants of the Lemaitre model.
INTRODUCTION
Fatigue crack initiation is a primary type of failure in structural members under cyclic loading. Common examples of fatigue critical members include axles, bearings, crankshafts, pressure vessels, and turbine blades. Such members often experience multiaxial stress-strain conditions originated from multiple applied loads and/or notch effects (Socie and Marquis, 2000; Sharifi et al., 2016; Googarchin et al., 2017) . In addition, depending on the nature of the applied loads, the cyclic stresses and strains can be proportional or nonproportional, and of constant or varying amplitude.
Many of the multiaxial fatigue life prediction methods that have been developed over the years are based on four components: a constitutive model for the calculation of the cyclic stress-strain response, a fatigue damage parameter, a cycle counting method, and a damage summation rule. A comprehensive overview of the different modeling approaches for each of these four components, including their implications for fatigue life prediction, is presented in the book by Socie and Marquis (2000) . A further discussion on these four fundamental issues in multiaxial fatigue is given by Fatemi and Shamsaei (2011) .
In parallel to the advances in the traditional methods for fatigue life prediction, progress has also been made in the development of fatigue damage evolution rules for metals (see, e.g., Chow and Wei, 1991; Bonora and Newaz, 1998; Jiang, 2000; Lemaitre and Desmorat, 2005; Jiang et al., 2009; Shen et al., 2015; Lopes and Malcher, 2017) . As cycle counting under multiaxial loading conditions is still a difficult task, its elimination in many of the damage evolution rules is an attractive feature. For simplicity, a scalar damage quantity is often used to represent fatigue damage, and, hence, no information on the crack orientation is given. A remarkable exception is the incremental fatigue damage model developed by Jiang (2000) , which incorporates the critical plane concept in multiaxial fatigue.
Despite the progress in the formulation of fatigue damage evolution rules, the experimental evaluation of many of such rules has been limited to simple uniaxial loading conditions. However, efforts to evaluate damage models by using multiaxial tests under more complicated loading conditions can be found in some studies (Jiang, 2000; Jiang et al., 2007; Jiang et al., 2009; Castro and Jiang, 2016; Castro and Jiang, 2017) . Also, in a recent work by Lopes and Malcher (2017) , the Lemaitre damage model has been evaluated with respect to proportional and nonproportional axial-torsion fatigue data.
The damage model developed by Lemaitre (1985) can describe various damage behaviors. Although widely used to estimate ductile fracture, fatigue life prediction based on the Lemaitre model has received much less attention. The experimental evaluation carried out by Lopes and Malcher (2017) indicated that the Lemaitre model can provide reasonably accurate fatigue lives for three engineering materials (304 stainless steel, S460N steel, and 6061-T6 Al alloy) under proportional and nonproportional, axial-torsion loading conditions. However, very few torsion tests were examined by Lopes and Malcher (3 torsion tests on the S460N steel), and the fatigue tests on the 6061-T6 Al alloy were limited to the low-cycle fatigue regime. It is desirable to evaluate the Lemaitre model using different materials and testing conditions.
In the present work, the Lemaitre damage model is further evaluated based on experimentally observed fatigue lives of five engineering metals: 1045 steel, 16MnR steel, 7075-T651 Al alloy, extruded AZ61A Mg alloy, and extruded AZ31B Mg alloy. A simple and effective method for determining the material constants of the Lemaitre model is also presented.
LEMAITRE DAMAGE MODEL
Lemaitre developed a fatigue model for general multiaxial loading based on the framework of continuum thermodynamics (Lemaitre, 1985; Lemaitre and Desmorat, 2005) . A scalar quantity, D , is used in this model to describe the fatigue damage at a material point, and a macroscopic crack is predicted to occur when the fatigue damage reaches a critical value, c D . The damage evolution rule takes the following form:
where S and s are material constants and the superposed dot denotes differentiation with respect to time. The quantity p  is the equivalent plastic strain rate defined as 2 / 3 
In Eq. (2), E is the Young's modulus, eq  is the von Mises equivalent stress, and R  is a scalar function defined
where  is the Poisson's ratio. The quantity  is called stress triaxiality and is defined as 
Constant amplitude loading
The Lemaitre model is applicable to general multiaxial loading. For any loading history, the occurrence of fatigue failure can be predicted by numerical integration of Eq. (1) until a critical value. For constant amplitude loading, if a stabilized stress-strain response can be identified well before the total number of cycles to failure, a convenient expression for fatigue life prediction can be derived as follows. The fatigue damage increment per loading cycle is given by
where, as usual in fatigue damage analysis, the variation of damage with the number of loading cycles is regarded as continuous, and the prefix  denotes an infinitesimal. Inserting (1) and (2) in (4), and neglecting the variation of D over a cycle, it follows that
Latin American Journal of Solids and Structures, 2018, 15(10 Thematic Section), e62 3/13
The above relation implies that
The estimated number of cycles to failure, e s t N , is determined by integrating Eq. (6) over the whole loading history. If the stress-strain response becomes stabilized well before the total number of cycles to failure, the value of I can be regarded as a constant. Thus,
In view of (8), the following formula for fatigue life prediction can be obtained:
2.2 Determination of material constants
There are three fatigue-related constants ( S , s, c D ) in the Lemaitre model. To determine these constants, the following objective function based on the squared difference between estimated and observed fatigue lives is minimized:
where n is the number of test data used to determine the material constants, the superscript ( i ) denotes the i th test,
N is the observed fatigue life, and
N is the fatigue life estimated by using Eq. (9). To solve the minimization problem, an exhaustive search over a pre-defined domain of candidate constants is carried out. The method can be readily implemented in a computer and its computational cost is very low.
CYCLIC PLASTICITY MODEL
Uncoupling between the elastic-plastic constitutive behavior and fatigue damage is assumed in this paper. Within this framework, the cyclic stress and strain histories at the critical location of the engineering component are first determined by using, for example, a finite element model. Fatigue crack initiation life is then predicted by post-processing the stress-strain data using a fatigue damage model.
The stress-strain analysis was performed in this work by using the cyclic plasticity model developed by Jiang and Sehitoglu (1996a) . The basic constitutive relations of the model are summarized in Table 1 . The model was chosen due to its reasonable predictions of the stress and strain responses for general multiaxial loading, as demonstrated in previous studies (Jiang and Kurath, 1996, 1997; Socie, 1998) .
Strain-controlled axial fatigue testing with solid cylindrical specimens and strain-controlled axial-torsion fatigue testing with thin-walled tubular specimens were evaluated in this work. For such experimental configurations, the axial and/or shear stress distributions can be assumed uniformly distributed over the cross section of the specimen. By taking advantage of this feature, the numerical implementation of the cyclic plasticity model was achieved by developing a MATLAB script that simulates the stress response of a material point under prescribed axial and shear strains. The stress update algorithm was based on an explicit integration scheme.
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constants.
RESULTS AND DISCUSSION
The Lemaitre model was evaluated using axial-torsion fatigue test data available in the literature (Fatemi and Stephens, 1989a; Zhao and Jiang, 2008; Gao et al., 2009; Yu et al., 2011; Xiong et al., 2012) . Five engineering materials were investigated: normalized 1045 steel, 16MnR steel, 7075-T651 Al alloy, extruded AZ61A Mg alloy, and extruded AZ31B Mg alloy. 1045 steel is a medium carbon steel that is widely used in the ground vehicle industry. 16MnR steel (also designated Q345R steel and similar to ASME SA302B) is usually applied to manufacture pressure vessels. 7075 Al alloys are commonly used in aircraft structures. Wrought magnesium alloys are potential candidates for structural applications in transportation and aerospace industries due to their high strength-toweight ratio (Bettles and Barnett, 2012) .
The loading paths used in the tests are shown in Fig. 1 , where  is the axial strain and  is the shear strain.
Fully reversed tension-compression, fully reversed torsion, proportional (in-phase) loading, and nonproportional (90º out-of-phase) loading were investigated. The test data for 1045 steel were obtained by testing thin-walled tubular specimens (Fatemi and Stephens, 1989a) . The experiments on 16MnR steel and 7075-T651 Al alloy were performed by Gao et al. (2009) and Zhao and Jiang (2008) , respectively. For these materials, two types of specimens were tested: solid cylindrical specimens for uniaxial loading and thin-walled tubular specimens for torsion and axial-torsion. For the AZ61A and AZ31B Mg alloys, thin-walled tubular specimens were used for all tests Xiong et al., 2012) . Further details of the fatigue tests used in this work, including the test setup, specimen dimensions, and cracking orientations, can be found in the corresponding references.
Failure was defined by a load drop criterion in most of the experiments (5% load drop for the 16MnR steel, AZ61A Mg alloy, and AZ31B Mg alloy, and 10% load drop for the 1045 steel and 7075-T651 Al alloy), the exception being the uniaxial solid specimens of 7075-T651 Al alloy, which were tested to complete fracture. For the materials, loading conditions, and specimen geometries studied, the crack propagation phase was expected to be a small part of the total life. Fatigue life prediction by the Lemaitre model requires as input the stress-strain hysteresis loops at the critical material point. For the AZ61A and AZ31B Mg alloys, the stress-strain loops obtained directly from the fatigue tests were available to the authors. On the other hand, for the 1045 steel, 16MnR steel, and 7075-T651 Al alloy, the stresses and strains were simulated by using the Jiang-Sehitoglu plasticity model. The material constants of the model were determined from the uniaxial cyclic stress-strain curve by using the method described by Jiang and Sehitoglu (1996b) . The format of the cyclic stress-strain curve was described by the Ramberg-Osgood relationship. Table 2 lists the material constants used in this study for the Jiang-Sehitoglu model. For all the fatigue experiments, the number of cycles to failure was estimated by using Eq. (9). To obtain the stabilized stresses and strains for the 1045 steel, 16MnR steel, and 7075-T651 Al alloy, elastic-plastic simulations were carried out for 5 loading cycles, and the results at the 5th loading cycle were used to determine the fatigue life. For the AZ61A and AZ31B Mg alloys, the stress-strain hysteresis loops taken from the tests at approximately half the observed fatigue lives were used in Eq. (9). The constants of the Lemaitre model were determined by a least-squares fitting of the tension-compression and torsion data, as described in Section 2.2, and are listed in Table  3 . Observed fatigue lives and estimates made with the Lemaitre model are compared in Figs. 2-4 for the five materials investigated. A data point with a horizontal arrow denotes a run-out test. The solid diagonal lines in these figures represent a perfect correlation, the two dashed lines mark the factor-of-two boundaries in Figs. 2 and 3 , and the two dot lines in Fig. 4 are the factor-of-five boundaries.
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Most of the fatigue life estimates by the Lemaitre model for the 1045 steel and the 16MnR steel were within the factor-of-two boundaries, indicating that the overall accuracy of the model is excellent. Such accuracy is similar to those obtained by fatigue models based on the critical plane approach (Fatemi and Socie, 1988; Gao et al., 2009) . One factor that contributed to such successful fatigue life predictions is the capability of the Jiang-Sehitoglu plasticity model to provide reasonable cyclic stresses and strains. Tables 4 and 5 summarize the accuracy of the elastic-plastic stress-strain analysis carried out for the proportional and nonproportional (90º out-of-phase) axialtorsion tests. Tables 4 and 5 indicate that the correlation between the experimentally obtained and the simulated stress ranges are better for the proportional than for the nonproportional tests. This is because the adopted plasticity model does not consider the nonproportional hardening effect. However, this effect is not very significant for the two steels studied (Fatemi and Stephens, 1989b; Jiang and Kurath, 1996; Gao et al., 2009) , and therefore the overall accuracy of the estimated fatigue lives is good. For the nonproportional tests with fatigue lives less than 10 4 cycles, it can also be noticed that the life estimates for the 1045 steel are better than those obtained for the 16MnR steel (4 data points above the upper factor-of-two boundary). This is due to a better agreement between the experimentally obtained and the simulated stress ranges for the 1045 steel.
Latin American Journal of Solids and Structures, 2018, 15(10 Thematic Section), e62 8/13 Although the Lemaitre model can provide reasonable fatigue life predictions for the AZ61A and AZ31B Mg alloy, its performance is not as good as that for the two steels studied. It is found that the model yields somewhat non-conservative life estimates for the proportional and nonproportional tests. Also, the model has a difficult to correlate the torsion tests. It is noted that for the tension-compression and torsion tests, the triaxiality function is a constant and, therefore, the fatigue damage in the Lemaitre model depends only on the von Mises equivalent measures of stress and plastic strain. Thus, the significant difference between the cyclic stress-plastic strain curves of extruded Mg alloys under tension-compression and torsion may have contributed to the less satisfying life predictions for the torsion tests.
Latin American Journal of Solids and Structures, 2018, 15(10 Thematic Section), e62 9/13 Observed life versus predicted life for the 7075-T651 Al alloy is shown in Fig. 4 . Most of the fatigue life estimates are within the factor-of-five boundaries. The overall accuracy of the Lemaitre model for the 7075-T651 Al alloy is comparable to the scatter of the baseline fatigue data obtained from tension-compression tests (Zhao and Jiang, 2008) . Plastic strains in Al alloys are typically very small for fatigue lives higher than 10 4 cycles and, therefore, high-cycle fatigue life prediction is a difficulty for any fatigue model that incorporates plastic strains. To enable the Lemaitre model to be applicable to high-cycle fatigue life prediction of Al alloy, a small yield stress close to the endurance limit under uniaxial loading (Jiang and Kurath, 1996) was used to simulate the small cyclic plastic strains in the material.
FURTHER DISCUSSION
The Lemaitre model was used in a previous work by Lopes and Malcher (2017) to estimate fatigue life under axial-torsion loading conditions. The golden-section search was adopted by these authors to determine the damage strength material parameter, S , while maintaining fixed the values for (9) eliminates the need to numerically integrate the damage evolution rule until a critical value, and, hence, the determination of the material constants by an exhaustive search can be performed quickly on a computer. Another advantage of Eq. (9) is that it can be applied to stress-strain hysteresis loops of any shape.
In the fatigue damage analysis performed in this work, no coupling between the stress-strain behavior and the damage was considered. This study and many others (see, e.g., Socie, 1998; Gao et al., 2010) indicate that reasonable fatigue life predictions of conventional metallic materials can be made using an uncoupled procedure if an accurate plasticity model is employed. On the other hand, for materials such as porous sintered metals (Ma and Yuan, 2017) and concrete or for metallic materials under large plastic strains, a coupled analysis is required because of the strong coupling between the stress-strain behavior and the damage in the material.
The material constants of a multiaxial fatigue model are often determined by using test data from tensioncompression and torsion tests. Alternatively, the material constants in the Lemaitre model were also determined in the present work by fitting only the tension-compression data. It was found that the fatigue life predictions for the five materials investigated were not significantly altered as compared to the fatigue life estimates shown in Figs in the modified Lemaitre model, the method described in Section 2.2 was applied to a dataset obtained from tension-compression and torsion tests. Note that in the numerical computation of the integral that defines the value of I, Eq. (7), the expression for   S  in Eq. (11) must be adopted. Figure 5 shows the fatigue lives predicted by the modified Lemaitre model versus the observed fatigue lives for the AZ31B Mg alloy. A significant improvement in the correlation of the torsion data was obtained as compared to the estimates by the original model (refer to Fig. 3b) . The overall accuracy of the life predictions for the proportional and nonproportional tests was maintained, except for the nonproportional test with observed life f N = 35 cycles. For AZ61A Mg alloy, the fatigue life estimates based on the original Lemaitre model and its modified version were identical.
The use of a damage strength material parameter as function of the stress triaxiality, Eq. (11), to improve the correlation of tests with different levels of stress triaxiality was inspired by the work of Malcher and Mamiya (2014) , in which a modification of the damage strength material parameter yielded better results for ductile fracture prediction. Such a modification of the original Lemaitre model requires an appropriate generalization of the damage potential function. Following the standard formulation of continuum elastic-plastic damage mechanics (Lemaitre and Desmorat, 2005) , the damage potential function can be obtained by integrating the damage evolution law with respect to the thermodynamic force associated to the damage, Y . This gives the following expression for the damage potential function:
where the function   S  is defined by Eq. (11).
For constant amplitude loading and when the stabilized stress-strain response is reached well before the total number of cycles to failure, the fatigue life estimated by the Lemaitre model can be calculated by using Eq. (9). There are cases, however, where the stress response of the material never becomes stabilized. For example, the 1045 steel under high strain amplitude experiences hardening followed by a mild softening for a short period and then a second hardening stage until failure (Fatemi and Stephens, 1989b) . Fatigue life prediction based on Eq. (9) can still be used in such cases by taking the stress-strain hysteresis loop at a reference number of cycles (for example, at half of the fatigue life). The results in the present study indicate that such an engineering solution can provide fatigue life estimates with acceptable accuracy. For more general loadings, the variation of the fatigue damage with time (or loading cycle) can be calculated by numerically integrating Eq. (1) or Eq. (5). 
CONCLUSIONS
The Lemaitre damage model was experimentally evaluated using axial-torsion fatigue data of five engineering metals. For 1045 steel, 16MnR steel, and 7075-T651 Al alloy, the Lemaitre model provided life predictions with an accuracy comparable to the scatter of the baseline fatigue tests conducted under tension-compression and torsion (within a factor of 2 for the two steels and within a factor of 5 for the Al alloy). Reasonably accurate fatigue life estimates were also obtained for the AZ61A Mg alloy and the AZ31B Mg alloy, but the model was not able to correlate well some of the torsion tests. A significant improvement in the correlation of the torsion data was Latin American Journal of Solids and Structures, 2018, 15(10 Thematic Section), e62 12/13 achieved by a modified Lemaitre model in which the damage strength material parameter depends on the stress triaxiality.
